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We show that any 4-connected planar graph G contains a spanning figure-eight subgraph based 
at g for any vertex g of G. We also show that the complexity of finding such a spanning subgraph 
is polynomially equivalent to the complexity of finding a Hamiltonian cycle in a 4-connected 
planar graph. 
1. Introduction 
A figure-eight subgraph of a graph G, based at a vertex g of G, is a pair of cycles 
in G having only the vertex g in common. Equivalently, using the terminology of 
Lo&z and Plummer [7, p. 1741, a figure-eight subgraph based at g is a pair of 
openly disjoint ears of G relative to the subgraph {g}. A remarkable theorem of 
Tutte 1121, proves that every 4-connected planar graph is Hamiltonian. As is often 
the case for families of provable Hamiltonian graphs, polynomial algorithms for 
finding these Hamiltonian cyc!es can be found. Indeed, an algorithm for finding a 
Hamiltonian cycle in a 4-connected planar graph with n vertices was found by 
Gouyuo Beauchamps [3]. This algorithm has an O(n3)-time complexity. In this 
paper we use these theorems to obtain the results described in the abstract. We show 
that the 4-connectivity of G cannot be replaced by 3-connectivity even if we require 
that the minimum degree of G will be 2 4 and we also show that there exist infinitely 
many 4-connected nonplanar graphs that have no figure-eigt, spanning subgraphs. 
As an aside, our methods give new constructions for infinitely many 4-regular, 
4-connected planar graphs that have no Hamiltonian decomposition. Such graphs 
were previously constructed by Bondy and Haggkvist [l], Martin [8], and Griin- 
baum and Malkevitch [5]. These papers were primarily motivated by Nash- 
Williams’ conjecture (1971), that 4-connected 4-regular graphs admit a Hamiltonian 
decomposition. Martin’s construction and one of the constructions in Grtinbaum 
and Malkevitch was derived by proving that a cubic graph is Hamiltonian iff its line 
graph has a Hamiltonian decomposition. This fact was first proved by Kotzig [6] 
in 1957. Apparently Nash-Williams made his conjecture being unaware of Kotzig’s 
result nor were Grtinbaum, Malkevitch and Martin. 
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By a graph we mean a simple, finite graph with no loops or multiple edges. The 
reader is referred to the book by Bondy and Murty [2] for terms used in this paper. 
If A and E are two disjoint sets of vertices in a graph G and IA I= /BI, a family of 
A -f3 disjoint paths will mean a family of IA I disjoint paths such that every vertex 
of A and every vertex of B is an end vertex of exactly one path. A g-A fan is a 
family of IA I disjoint paths sharing only the vertex g and with all other end vertices 
in A. We denote by N(g) the set of vertices adjacent o g in G. Each cycle of the 
figure-eight subgraph based at the vertex g will be called an ear of g. If G’ is a 
subgraph of G and P is a cycle in G we say that P visits 4;’ if P contains vertices 
belonging to G’. Otherwise, we say that P avoids G’. 
2. The main results 
Let H be a cubic, 3-connected planar graph, G a 4-connected planar graph and 
g an arbitrary vertex of G. We will construct a 4-connected planar graph that will 
reflect Hamiltonian properties of H (the meaning of this statement is stated in 
Theorem 2). 
Assume first that d(g) =4 and let N(g)= {gl,g2,g3,g4} be the neighbors of g, ar- 
ranged in a cyclic order, that is, the edges (g,g& and (g,gi+r) belong to the same 
face of G. Let Gg be the graph obtained from G by deleting the vertex g and the 
four edges incident with it. Clearly, Gg is a 3-connected planar graph. By Petersen’s 
theorem [2, p. 791, H has a l-factor. Let F be an arbitrary l-factor of H. The graph 
H(G,) is obtained by substituting a copy of Gg for each vertex of H as shown in 
Fig. 1, where (hh’) denotes an edge of F. We call the vertices gr , g2, g3, g4, the ver- 
tices of attachment of Gg . The vertices g2, g3 will be called the inner vertices, the 
edges joining inner vertices of two distinct copies of Gg the inner edges, and the 
edges joining noninner vertices the outer edges. We note that the graph H(G,) is 
planar. 
b 4 4 
Fig. 1. 
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Lemma 1. H(G,) is 4-connected. 
Proof. By Menger’s theorem [9], it is enough to show that there are four disjoint 
u-u paths between every pair of distinct vertices u and u of H(G,). 
Case 1: u and v belong to the same copy of Gg. 
Since G is 4-connected, it contains four disjoint u-v paths. If none of these paths 
contains g, they will form four disjoint u-v paths in H(G,). Clearly, between any 
pair of attachment vertices gi, gj of Gg there is a path in H(G,) that avoids Gs. 
This path can be used to modify the single u-v path in G, containing g, yielding 
four disjoint u-v paths in H(Gg). 
Case 2: u and v belong to distinct copies of Gg. 
(a) Let E= {e,,ez, es} be a cut set in the cubic graph H. Since H is 3-connected, 
H \ E has exactly two connected components Ki and K2. If one component is a 
single vertex, then every l-factor of H will contain an edge from E. If both com- 
ponents contain more than one vertex, then the 3-connectedness of H implies that 
no pair of edges in E have a vertex in common. Since His cubic, each component 
has exactly three vertices of degree 2 and all other vertices have degree 3. Hence KI 
and K. have an odd number of vertices and therefore very l-factor of H will have 
to include at least one edge from E. 
(b) Let H4 be the 4-regular multigraph obtained from H by duplicating every 
edge in the l-factor F. We claim that H4 is 4-edge connected. Indeed if E= 
{e1,e2,e3} is any set of three edges in H4, then it either contains none of the 
duplicated edges or it contains some of the duplicated edges, say el . If E does not 
contain any of the duplicated edges by (a) it cannot be a cut set in Hand therefore 
it is not a cut set in H4. If el is a duplicated edge, then unless E also contain ei’s 
parallel edge, E cannot be a cut set in H4, but if E does contain a pair of parallel 
edges, then if E was a cut set in H4, it would imply that H has a cut set of only 
two edges, contradicting the 3-connectedness of H. This proves our claim. 
(c) From Menger’s theorem we deduce that for any pair of distinct vertices h and 
h’, H4 contains four edge-disjoint h-h’ paths. Let P,, P2, P3, P4 be such paths. If 
a path Pi contains an edge f of H4 and also contains its parallel edge f’, we can 
delete both edges from the path, modify Pi and obtain another set of four edge- 
disjoint h-h’ paths in H4. We may therefore assume that if f and its parallel edge 
f’ belong to PI U P2 U Pj U P4, then f E Pi, f ‘rz Pi, and i# j. Furthermore, since f
and f’ have identical end vertices, we can interchange f and f’ without affecting the 
disjointness of the paths. We also note that there is a l-l-correspondence between 
all the edges of H4 and all the edges connecting distinct copies of Gg in H(G,). 
(d) Let N, and N, denote the four vertices of attachment of the copies of Gg 
containing u and v and let h and h’ be the vertices of H4 corresponding to these 
copies. We will first show that H(G,) contains four disjoint N,-N, paths. Let P,, 
P2, P3, P4 be the four disjoint h-h’ paths in H4 described in (c). Denote by Qi the 
edges of H(G,) corresponding to the edges in H4 belonging to the path Pi. Clearly, 
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each Qi is a set of independent edges in H(G,). For any vertex w of H4, the paths 
Pi, Pz, P3, P4 contain zero, two or four of the edges incident with w. If only two 
of these edges belong to the four paths, then obviously they must belong to the same 
path Pi. Since Gs is 3-connected, for any pair of attachment vertices gi, gj, it con- 
tains a gi-gj path. We add to Qi the appropriate gi-gj path, belonging to the copy 
of G, corresponding to the vertex w. If all four edges incident with w belong to 
P, U Pz U P3 U P4 and w #h, h’, we may assume that one pair of edges belongs to 
PI and the other pair belongs to Pz. Furthermore, if f and f’ are the two parallel 
edges incident with w, then one edge belongs to PI, the other belongs to Pz, and 
we have the freedom to interchange them. Since Gg is a planar 3-connected graph, 
any four vertices of Gg lie on a cycle in Gg (Plummer [lo, Theorem 41). If C is a 
cycle in G,, containing the four vertices of attachment of Gg, then C clearly deter- 
mines a pair of disjoint {gz,gs} -(gi,gd} paths in Gg. We can now assign the edges 
$ and f’ to the paths P, and Pz, so that it will be possible to add one {gZ,gs}- 
(g,,gd) path to Q, , the other {gz,g3}-{g,,gJ path to Qz, retaining the vertex dis- 
jointness of all four sets Q, , QZ, Q3 and Q4. If we carry out this modification for 
every vertex w # h, h’ of H4, it is easily seen that Q, , Qz, Qs and Q4 will determine 
four disjoint NM-N,, paths in H(G,). 
The proof of Lemma 1 will be completed by showing that the four disjoint paths 
Qi , Qz , Qs and Q4, constructed in (d), can be extended to four disjoint u-u paths. 
Since G is 4-connected, it contains four disjoint u-g paths. Therefore if u@N,, 
these paths determine a u-N, fan in Gg. If UEN,, then since Gg is 3-connected, 
it contains a u-(N,-u) fan. Applying the same argument o the vertex u, we can 
add these fans to the paths Qi, Q2, Q3 and Q4 and obtain the desired four disjoint 
u--o paths in H(G,). 
This concludes the proof. q 
If the chosen vertex g of G has degree d(g)>4, we first modify G by adding a 
single vertex g’ as shown in Pig. 2 if d(g)r6, or in Fig. 3 if d(g)= 5. In both cases, 
Fig. 2. 
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Fig. 3. 
it is easily seen that the modified graph is a 4-connected planar graph with d(g) = 4. 
The grah H(G,) will always mean the graph obtained by first modifying G if 
d(g) > 4, and then substituting acopy of Gg for each vertex of Has described in the 
beginning of this section. If G is modified, then the new vertex g’ will always be 
chosen to be an inner vertex. Substituting a copy of GB for a vertex of degree 4 in 
any graph J is defined similarly (no inner vertices will be involved in this case). 
Figure 4 shows the graph obtained by substituting a copy of the 5-bipyramid for 
each vertex of the simplex K4. 
Let C be a cycle in H(G,). For a given copy of Gg, clearly C contains zero, two 
or four of the edges connecting the vertices of attachment of Gg to vertices outside 
Gg. If two of these edges belong to C, we say that C visits Gg once, if C contains 
all four edges, C visits Gg twice and if it contains none of these edges, we say that 
C avoids Gg. The desired Hamiltonian properties of the 4-connected planar graph 
H(G,), mentioned in the beginning of this section, are summarized in the following 
theorem: 
Fig. 4. (g’ is the added vertex, the arrows are the inner edges). 
284 M. Rosenfed 
Theorem 2. Let H be a cubic S-connected planar graph, G a 4-connected planar 
graph and g an arbitrary vertex of G. Then H(G,) is a &connected planar graph. 
Furthermore, H is Hamiltonian iff H(G,) has a cycle C that visits every copy of Gg 
exactly once. 
Proof. It is easily seen that H(G,) is planar and it is 4-connected by Lemma 1. 
Since G, is 3connected, by using a path between a pair of attachment vertices of 
Gg, a Hamiltonian cycle in H can clearly be extended to a cycle in H(G,) that visits 
every copy of Gg exactly once. Conversely, if a cycle C of H(G,) visits every copy 
of Gg exactly once, it is obvious that C cannot contain both inner edges of a copy 
of G,. By tracing in H the edges corresponding to the edges of attachment of Gg, 
a Hamiltonian cycle in H is obtained. Cl 
Theorem 3. Let G be a 4-connected planar graph. For every vertex g of G, G admits 
a figure-eight spanning subgraph based at g. 
Proof. Let H be any non-Hamiltonian, planar, 3-coimected, cubic graph. The 
graph H(G,) is a 4-connected graph. By Tutte’s theorem [12], H(G,) is Hamilto- 
nian. Let C be a Hamiltonian cycle in H(G,). Clearly, C must visit every copy of 
Gs. Since H is not Hamiltonian, by Theorem 2, some copies of Gs must be visited 
by C four times. But this means that Cfl Gs consists of two disjoint paths with end 
points {gt, g2,g3, g4}. If d(g) = 4, then by adding to these paths the vertex g and the 
four g-{g,,g2,g3,g4} edges in G, the desired spanning graph is obtained. If 
d(g) 2: 6, then we may assume that an edge (g’, gk) E C, where kr4 and gk E Gg . We 
can now delete g’ from the tv, paths, add the vertex g and the four g-{g,,g2, 
g3,gk} edges in G, obtaining the desired figure-eight spanning graph of G. Finally, 
if d(g) = 5, and the edge (g’,g3) of Fig. 3 is not contained in Cn GE, then we may 
proceed as in the previous case. If (g’,g3) belongs to Cn Gg, we note that the seg- 
ment of the Hamiltonian cycle C, near the edge (g’,g3), must contain the edge of 
attachment at g’ and the edge of attachment at g3. It follows that the other copy 
of Gg that has this pair of edges of attachment, must also be visited by C four 
times and its copy of the edge (g’,g3) cannot be contained in C. We use this copy 
to construct he desired figure-eight spanning subgraph of G based at g as in the 
previous case. This concludes the proof. 0 
Corollary. There exist infinitely many kegular, 4-connected planar graphs that ad- 
mit no Hamiltonian decomposition. 
Proof. We note first that if G is 4-regular, then the graph H(G,) is a 4-regular, 
planar, 4-connected graph. If ti is any non-Hamiltonian, planar, 3-connected cubic 
graph, G any 4-regular, 4-connected planar graph and g an arbitrary vertex of G, 
then H(G,) does not admit a Hamiltonian decomposition. Indeed if H(G,) had 
two disjoint Hamiltonian cycles, then each cycle will have to visit every copy of 
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Gg. But this means that every copy will be visited exactly once by each Hamilto- 
nian cycle. By Theorem 2 this is impossible since H is not Hamiltonian. Cl 
Remarks. Martin r?] and Griinbaum and Malkevitch [5] used the line graphs of 
cyclically 4-connected non-Hamiltonian simple 3-polytopes (somewhat rare 
creatures), to construct examples of 4-connected, planar, 4-regular graphs in which 
every pair of Hamiltonian cycles intersect. Clearly the arbitrary choice of G, com- 
bined with the less rare family of non-Hamiltonian, simple 3-polytopes gives a very 
large family of examples of 4-connected, planar, 4-regular graphs having no 
Hamiltonian decomposition. 
The conditions in Theorem 3, that the graph G is planar and 4-connected, cannot 
be replaced by weaker conditions. Indeed, if any graph G, has an even number of 
vertices, then the two ears in any spanning figure-eight subgraph of G, will have 
distinct parity. It follows that no bipartite graph can have a figure-eight spanning 
tree. Hence conneztedness alone is not enough to ascertain the existence of figure- 
eight spanning subgraphs (planarity prevents 4-connected graphs from being bipar- 
tite). 3-connected planar graphs, with minimum degree 5, that admit no figure-eight 
spanning trees, can be constructed as follows: Start with any bipartite 3-connected 
planar graph with k vertices of degree 3 and m vertices of degree 5 where vertices 
of degree 3 are connected only to vertices of degree 5 and vice versa (see Rosenfeld 
[ 1 l] for infinitely many examples). For instance, choose the triacontahedron. This 
graph has 20 vertices of degree 3 and 12 of degree 5. Substitute for every vertex of 
degree 3, a copy of a planar graph of minimum degree 5. It is easy to add three edges 
of attachment so that the resulting raph is planar, 3-connected and has minimum 
degree 5. Since the removal of the 12 original 5-valent vertices will yield 20 con- 
nected components in this graph, it cannot have a figure-eight spanning subgraph. 
The choice of the figure-eight spanning subgraph was motivated by the results of 
Lovasz and Plummer [7] on ear decomposition of graphs. It is quite possible that 
other types of spanning subgraphs can be identified. 
In the next theorem we will show that the complexity of finding a figure-eight 
spanning subgraph, in a 4-connected planar graph G with n vertices, is equivalent 
to the complexity of finding a Hamiltonian cycle in a planar 4-connected graph with 
n vertices. We first note that Gouyou Beauchamps [3], showed that if h(n) is the 
number of steps required to find a Hamiltonian cycle in a 4-connected planar graph 
G with n vertices, then h(n)=O(s’), or h(n) is polynomial. If f(n) denotes the 
number of steps required to find a figure-eight spanning graph based at g, in a 
4-connected pianar graph G with n vertices, we say that f(n) is equivalent to h(n) 
if there exist positive constants cl and c2 such that: 
qh(n) q-(n) I c&l). 
Theorem 4. f(n) is equivalent to h(n). 
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Proof. Let ti be an algorithm that finds a Hamiltonian cycle in a planar 4- 
connected graph with n vertices in h(n) steps. Let G be a 4-connected planar graph 
with n vertices and g a vertex in G. Let H be a 3connected, planar, non-Hamiltonian 
cubic graph with 38 vertices (Griinbaum [3, p. 3611). The graph H(G,) has at most 
38n vertices. Applying % to H(G,), we find a Hamiltonian cycle C in h(38n) steps. 
To find the figure-eight spanning graph of G we need to find the copy of Gg that 
is visited four times by C, the existence of this copy is guaranteed by the proof of 
Theorem 3. This can be obviously done by tracing the Hamiltonian cycle found by 
%‘in O(38n) steps. The overhead required to construct H(G,) is also O(38n) steps, 
hence we get that the number of steps required to find the spanning figure-eight 
subgraph in G is h(38n) +0(n). Since h(n) is polynomial h(38n)s38’(n) (obvious- 
ly, h(n)zO(n)) hence there is a constant c2 such that: 
f(n) = c2m). 
Consider now an algorithm & that, for a vertex g of a given 4-connected planar 
graph with n vertices, finds a figure-eight spanning subgraph based at g, in f(n) 
steps. Let G be a 4-connected planar graph with n vertices. We want to use8 to find 
a Hamiltonian cycle in G. We choose an arbitrary vertex g in G, and we substitute 
four copies of Gg for four vertices of the octahedron as shown in Fig. 5. If d(g) > 4, 
then we connect all four copies of g’ with the vertex a, otherwise, we connect g4 
with a. We also connect all copies of g2 with the vertex 6. It is easy to check that 
the resulting graph is a 4-connected planar graph with at most 4n+2 vertices. We 
call this graph G*. We use & to find a figure-eight spanning subgraph of G* based 
a: the vertex a. Since the degree of the vertex b in this subgraph is only two, at least 
two copies of Gg are visited by the figure-eight subgraph exactly once. But this 
means that the intersection of the spanning figure-eight subgraph with this copy of 
Gg is a simple Hamiltonian path in Gg, with one end vertex g2, and the second end 
Fig. 5. 
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vertex g’ (or g4 if g’ does not exist). This choice of g’ guarantees that this Hamilto- 
nian path cannot contain the edge (g’, g3) in case d(g) = 5 thus this Hamiltonian 
path induces a Hamiltonian path in G \ (g). To find the Hamiltonian cycle in G, 
we find the copy of Gg that !s visited only twice by the figure-eight subgraph, ex- 
tract the Hamiltonian path of this copy, remove g’ if it is present, add the vertex 
g and add the two edges connecting  with g2 and the neighbor of g’ in the 
Hamiltonian path, or g4 if d(g) =4. 
The algorithm 6’ will take f(4n +2) steps to find the figure-eight spanning 
subgraph, tracing this subgraph in order to identify the copy of Gg that is visited 
twice only, can be clearly done in O(n) steps and the overhead required to construct 
G* is O(1) (this may depend on the data structure used for G). Since by the. first 
part of the proof we know that j’(n) is polynomial, and since obviously f(n)r O(n) 
the total number of steps required to find the Hamiltonian cycle in G is no more 
than c+(n). This concludes the proof. Cl 
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